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Abstract

In classical political economics, the common wage level and wage inequality are results of the same
economic and political processes. We trace Smith (1999)’s and Marx (1993a)’s treatment of wage in-
equalities and find that both describe processes of turbulent equalization, where labor’s and capital’s
dynamics are intimately interwoven. The literature on real competition and wage inequality (Botwinick
1993; Shaikh 2020; Mokre and Rehm 2020) poses (1) that competition links profit rates and wage growth,
(2) both behave as turbulent processes, and (3) the dynamics contain both determinate and stochastic
components. We model the “constant equalization of ever-renewed inequalities” (Marx 1993a, 197-298)
where “the competition among workers is only another form of the competition among capitals” (Marx
1993b, 651) and find an empirical expression in drift-diffusion models.

We present a multi-sector model of turbulent wage growth and persistent wage inequality. In real
competition, when a sector realizes above-average profit rates on new capital and this induces accelerating
investment streams. Increased labor demand as well as higher profit rates shift the limits to wage growth.
The subsequent fall below the average in later periods, which is characteristic for turbulent equalization,
also translates into wage decreases. Finally, we formalize a wage growth model in stochastic differential
equation form of a Cox, Ingersoll, and Ross (1985) - style drift - diffusion process, and derive analytically
the corresponding cross - sectional distribution parameters (Fischer 2018). When we apply the model to
US wage growth data (1998 — 2018), the estimation explains about 93 % of the wage distribution below
the top percentile, and 86 % of total sample inequality.

1 Introduction

Inequality is the defining feature of capitalist economies and capitalist economic dynamics. The ubiquitous
hunt for higher profit rates and wages follows unequal expected rates and creates new disparaties. Thus,
inequality is a core interest of classical political economics, even more so as the issue increased in prominence
among neo-classical and heterodox economists in recent years.

Income inequalities exist along many dimensions, for example the distribution of national income between
profits and wages, the gender and racial wage gaps, education premiums or regional disparities. In this paper,
we emphasize the dimension of deviations from the prediction that “equally qualified workers who labour under
stmilar working conditions should tend to receive roughly equal compensation” (Botwinick 1993, 1), which
we generalize to the wage curve. We discuss the classical political economics treatment of wage inequality
to derive a corresponding model of turbulent wage growth dynamics and resulting wage level distributions.
We develop a stylized empirical model and present a Bayesian estimation strategy for illustration.

The equalization of profits and wages is a fundamental aspect addressed in the works of Adam Smith and
Karl Marx concerning competition. Both discuss tendencies of equalization as well as persistent inequalities.
Smith (1999, 163) emphasizes the establishment of new firms and their demand for already-employed workers
as a source of wage differentials. Similarly, Marx highlights the significance of capital’s laws of motion in
generating inequalities among workers, which reflect their relationships with one another. Like Smith, Marx



views the general wage level as an outcome of conflicting bargaining (Marx 1990, 3:758-60), he argues that
wages increase when capital accumulates faster than the labor force grows (Marx 1990, 3:771). In between-
industry competition, this predicts unequal accumulation and asynchronously rising wages where profit rates
on new capital are above the general level in “ever-renewed inequalities”. (Marx 1993a, 297-98) Both Smith
and Marx describe wage growth as turbulent processes of simultaneous equalization and dis-equalization,
set in motion by investment dynamics, which create inequality between otherwise equal workers expressed
as wage disparities from the general level.

Neo-classical models of wage inequality stand in sharp contrast to this approach. The debate on the issue
arose again in the 1980s, when empirical investigations showed abrupt changes in the wage distribution, an
increasing share of low-wage jobs and growing disparity between low and high wages. (Lemieux 2007, 22)
Within the neo-classical framework, corresponding extensions of competitive wage setting explain deviations
from equal wages for equal quality labor by non-perfect competition settings of micro-economic optimization.
These include efficiency wages in shirking, labor turnover or adverse selection models (Yellen 1984, 203;
Bowles 2006, 267-98) ! | or frictions from economic transformation pushing the labor market off equilibrium
in the skill-biased technological change (SBTC) model. (Krueger 1993; Acemoglu 2002) Another literature
focus on changes in wage-setting institutions. (Freeman and Katz 1995) In this category of models, wage
inequalities stem from non-competitive institutions like dual labor markets (Doeringer and Piore 1971),
monopoly (Galbraith 1998) and monopsony (Ashenfelter et al. 2021); or institutional changes such as de-
unionization (Card 1992; Ahlquist 2017) and minimum wage laws (DiNardo, Fortin, and Lemieux 1996; Lee
1999).

Both classes of models identify deviations from perfect competition as the reason for wage inequality, and
take perfect competition as their point of departure. Botwinick (1993) calls this the “historical impassé”, as
researchers would have to either model labor markets fundamentally at odds with empirical (unequal) reality,
or to give up on competition to explain wage dynamics. To break the impassé, he traces the interaction of
competitive dynamics and wage inequality back to Marx’ Grundrisse: “The competition among workers is
only another form of the competition between capitals.” (Marx 1993b, 651)

In the spirit of Smith’s and Marx’ treatment of wage differentials, the real economic analysis literature seeks
to understand wage inequality as the product of interactions between workers and firms within institutional
wage-setting regimes. It builds on Shaikh (1980)‘s model of real firm competition, where turbulent equal-
ization of profit rates on new capital give rise to persistent inequalities. (Weeks 2001; Shaikh 2008) Real
competition models of wage inequality combine institutions of wage bargaining with the competitive dy-
namics behind firms’ ability and willingness to pay. (Botwinick 1993; Watson 2002; Mokre and Rehm 2020;
Shaikh 2020)

The concept of turbulent equalization of profit rates (Shaikh 2008) and wages (Mokre and Rehm 2020)
finds a modeling equivalent of combined turbulent and persistent processes in the econophysics of inequality
literature (Gibrat 1931; Adrian Dragulescu and Yakovenko 2001; Fischer 2018; Shaikh 2020). Ragab (2014)
provides an agent-based real competition model, while Shaikh and Jacobo (2020, 10) use turbulent drift-
diffusion equation modeling to explain the striking statistical regularity of wage income converging to an
exponential or a Gamma distribution.

Our empirical investigation stands in the same real competition - econophysics tradition, we derive the
distribution of wage levels from the turbulent dynamics of wage increases. The model captures the interlinked
turbulent tendencies of real firm competition, which translates into the labor market via limits to wage
increases and labor demand, and the idiosyncratic dynamics of labor supply. At this level of abstraction, the
interaction of between-industry and within-industry inequalities is expressed in simultaneous equalization
and diffusion of wages, which give rise to a stable distribution. We bring together the real competition
literature on firms’ limits to wage increases with the literature on turbulent wage dynamics, and present
a unified model of wage inequality under real firm competition. We furthermore present a novel Bayesian
estimation of drift-diffusion equations and fit a simple empirical model to US wage and wage growth data
1987-2018.

1« The theories reviewed above are neoclassical in their assumption of individualistic mazimization by all agents” (Yellen
1984, 203)




As in Marx (1993b), we take the interaction of firm and labor market competition as a point of departure and
note that wages participate in turbulent equalization as shown in Mokre and Rehm (2020). After reviewing
the classical, heterodox and econophysics literature in section 2, we derive our theoretical model of turbulent
competition and wage inequality in section 3. In section 4 we use a novel Bayesian estimation technique of
drift-diffusion models and derive the corresponding cross-sectional distribution of wages. Section 6 presents
the results and the fit of the model, which explains 86 % of overall wage inequality, and 92 % of the inequality
in the bottom 99 percentiles. In section 7 we summarize the findings, align them with the literature, and
propose extensions of the model .

2 Literature

In classical political economics, the debate on wage inequality is a small but integral part of wage theory,
dis-equalization reveals how wages are formed and set in motion equalizing tendencies. This is a key dif-
ference to neo-classical wage theory where wage levels are the result of competition while inequalities are
the consequence of obstacles to competition, ie. wages and wage disparities have different and antithetic
explanations.

Smith was credited with constructing the first comprehensive theory of wages (Lapides 1998, 31; Schumpeter,
Schumpeter, and Perlman 1997, 256) In Chapter 8 and 10 of “The Wealth of Nations”, Smith describes the
wage level as a result of economic as well as political laws. Where the wage level rises above the absolute
physical minimum for reproduction (“evidently the lowest which is consistent with common humanity” (Smith
1999, 101)) it follows the increase in output and resulting increases labor demand.

“The demand for those who live by wages, therefore, necessarily increases with the increase of the revenue
and stock of every country, and cannot possibly increase without it. [...] The demand for those who live
by wages, therefore, naturally increases with the increase of national wealth, and cannot possibly increase
without it. It is not the actual greatness of national wealth, but its continual increase, which occasions a rise
in the wages of labour.” (Smith 1999, 102-3)

At the same time, Smith describes wage-setting as a political, conflictive and bargaining process where
capital is at an advantage and supported by political powers in parliament. 2

“The workman desires to get as much, the masters to give as little as possible. The former are disposed
to combine in order to raise, the latter in order to lower the wages of labour. It is not, however, difficult
to foresee which of the two parties must, upon all ordinary occasions, have the advantage in the dispute,
and force the other into a compliance with their terms. The masters, being fewer in numbers, can combine
much more easily; and the law, besides, authorizes, ar at least does not prohibit their combinations, while
it prohibits those of workmen. We have no acts of parliament to lower the price of work; but many against
combining to raise it. 7 (Smith 1999, 98-99)

In summary, the wage level is driven by demand for labor, which is in turn determined by capital accumu-
lation. Mobility of labor between employments and the competition of employers for labor set and equalize
wages. This concrete process however takes place a bargaining over contracts, with collective organization
and the legal-political framework as key factors.

This is the point of departure for Smith’s treatment of wage disparities. In Chapter 10, he lists five sources
of unequal wages.

“The five following are the principal circumstances which, so far as I have been able to observe, make up for a
small pecuniary gain in some employments, and counterbalance a great one in others: first, the agreeableness
or disagreeableness of the employments themselves; secondly, the easiness and cheapness, or the difficulty and
expense of learning them; thirdly, the constancy or inconstancy of employment in them; fourthly, the small
or great trust which must be reposed in those who exercise them; and, fifthly, the probability or improbability
of success in them.” (Smith 1999, 143)

2smith finds examples pro-capitalist legislation throughout Chapters 8 and 10, including an accusation of King George III:
“This law is in favour of the workmen: but the 8th of George III is in favour of the masters.”



A key moment in persistent inequalities is differential costs of reproducing skill for a certain kind of labor.

“A man educated at the expense of much labour and time to any of those employments which require ex-
traordinary dexterity and skill, may be compared to one of those expensive machines. [...] The difference
between the wages of skilled labour and those of common labor is founded upon this principle.” (Smith 1999,
145)

By describing unequal wages between types of labour, Smith reinforces the idea of equal pay for equal labor.
The processes responsible for inequality are the same ones driving equalization within the same occupation;
the mix of skills and disparities of cost to reproduce those skills set up the basic structure of the wage curve.
From this point of departure, Smith finally describes dynamic processes that create inequalities within
occupations and at the same time set in motion processes of equalizations. They are driven by capitalist
competition and technological innovation expressed in the establishment of new firms as competitors for
labor, a ubiquitous and recurring event in all capitalist economies. This describes a simple turbulent model,
which in turn gives rise to a persistently unequal and potentially stable distribution of wages.

“Where all other circumstances are equal, wages are generally higher in new than in old trades. When a pro-
jector attempts to establish a new manufacture, he must at first entice his workmen from other employments
by higher wages than they can either earn in their own trades, or than the nature of his work would otherwise
require, and a considerable time must pass away before he can venture to reduce them to the common level.”
(Smith 1999, 163)

It is also noteworthy that Smith has these wage rates return to some common level once a trade is established.
Even in this simplest model, the succession of dis-equalization and equalization, expansion and compression
of the wage distribution provides the basis for a turbulent process of wage-setting. Considering that for
Smith, new firms are founded in search of above-average profits, he model also already incorporates the
intricate link between profit rates and wages.

Marx’s theory of wages is developed in sharp distinction from post-Ricardo interpretations, especially as a
criticism of the post-Ricardo wage fund/labor fund dogma. While Marx criticizes Smith’s confusion of labor
and labor power, the model of wage setting and wage inequalities in Capital takes his argument as a point
of departure. Consistent with the labor theory of value, he normal wage level fluctuates around the value
of the commodity labor power, which is given by the reproduction cost for the worker, their skill, the next
generation of workers, and their participation in normal cultural life (the last aspect is determined socially).
The normal wage levels for different qualities of labor fluctuate with accumulation and the reserve army of
labor.

“Taking them as a whole, the general movements of wages are exclusively regulated by the expansion and
contraction of the industrial reserve army, and this in turn corresponds to the periodic alternations of the

industrial cycle.”(Marx 1990, 3:790)

As in Smith, Marx has the general wage level determined by political struggle as well as economic laws of
capital accumulation and competition. Changes in workers’ wages, ie. wage growth, come from capitalist
accumulation: “To put it mathematically: the rate of accumulation is the independent, not the dependent
variable; the rate of wages is the dependent, not the independent variable.” (Marx 1990, 3:770) After capital
has been accumulated through unpaid labor, its valorization becomes the new ecnomic imperative. When
he speed of accumulation outpaces labor supply (the industrial army and the reserve army in sum), wages
follow part.

“If the quantity of unpaid labour supplied by the working class and accumulated by the capitalist class increases
so rapidly that its transformation into capital requires an extraordinary addition of paid labour, then wages
rise and, all other circumstances remaining equal, the unpaid labour diminishes in proportion.” (Marx 1990,
3:771)

The link between Marx’ wage theory and wage differentials lies in inter-industrial differences in accumulation.
Capital moves towards industries with above-average profit rates on new investment, where the increased
supply and price competition subsequently drives the profit rate down below the general rate in a turbulent
fashion. (Shaikh 1980) Consequently, workers encounter differential wage growth between industries.



“The economic fiction we have been dealing with confuses the laws that requlate the general movement of
wages, or the ratio between the working class - i.e. the total sum of labour-power - and the total social
capital, with the laws that distribute the working population over the different spheres of production. If,
for example owing to a favourable conjuncture, accumulation in a particular sphere of production becomes
especially active, and profits in it being greater than the average profits, attract additional capital, then of
course the demand for labour rises, and wages rise as well.” (Marx 1990, 3:791-92)

As wage growth differs between industries and follows the turbulent pattern of profit rates in competition,
the movement of workers resembles the mobility of capital. In the Grundrisse, Marx discusses capitalist
competition as the expression of free capital accumulation is imposed on all economic processes in capiatalism:
“The reciprocal compulsion which the capitals within it practise upon one another, on labour etc. (the
competition among workers is only another form of the competition among capitals)” (Marx 1993b, 651) In
Volume 3 of Capital, Marx specifies how capitalist competition instigates workers’ competition.

“If capitals that set in motion unequal quantities of living labour produce unequal amounts of surplus-value,
this assumes that the level of exploitation of labour, or the rate of surplus value, is the same, at least to a
certain extent, or that the distinctions that exist here are balanced out by real or imaginary (conventional)
grounds of compensation. This assumes competition among the workers, and an equalization that takes place
by their constant migration between one sphere of production and another.” (Marx 1993a, 275)

The competition of workers does not only produce wage inequalities for the same quality of work. While
increased capital acceleration in above-average profit rate industries put downward pressure on prices through
increased competition and supply (with the corresponding effect on wages), the speed at which workers can
follow the movements of capital and valorize it amplify equalization.

“This constant equalization of ever-renewed inequalities is accomplished more quickly, (1) the more mo-
bile capital is, i.e. the more easily it can be transferred from one sphere and one place to others; (2) the
more rapidly labour-power can be moved from one sphere to another and from one local point of production
another.” (Marx 1993a, 298)

Finally, it is crucial to note Marx’s argument about obstacles of equalization. In the introduction to Volume
3 of Capital’s Chapter 8, Marx argues that inter-industrial wage differentials are mainly carried by different
mixes of labor qualities: One industry will employ more complex labor, and accelerated accumulation in
that industry will push wages more than in one with a higher share of simple labor employed. In the same
segment, Marx notes that a general tendency of equalization and obstacles to that process exist at the same
time.

“And even though the equalization of wages and working hours between one sphere of production and another,
or between different capitals invested in the same sphere of production, comes up against all kinds of local
obstacles, the advance of capitalist production and the progressive subordination of all economic relations
to this mode of production tends mevertheless to bring this process to fruition. Important as the study of
frictions of this kind is for any specialist work on wages, they are still accidental and inessential as far as
the general investigation of capitalist production is concerned and can therefore be ignored.” (Marx 1993a,
241-42)

Taken together, Marx’ argument on wage setting in Capital and the Grundrisse provide a system of turbu-
lent equalization. Smith too presents a general economic intuition (perpetual innovation) for ever-renewed
inequalities in wages and simultaneous economic drivers of equalization. Marx embeds a similar intuition
into a general analysis of accumulation. While he notes that the frictions to equalization do not concern the
theory of capital accumulation, they are crucial to explain the wage curve - what he calls a specialist work on
wages. Simultaneous diffusion and equalization, where equalization is not infinitely fast (ie. with obstacles
to equalization), can be formulated in stochastic differential equations (SDEs). In certain simple forms, a
stable distribution of wage levels can be derived; the economic models of Smith and Marx can be expressed
mathematically to derive the form of the wage curve.

The literature on real economic analysis, and more specifically on real competition (Shaikh 1980) theorize and
demonstrate the turbulent equalization of profits and investment. Following Marx’s assertion, that capital
through political struggle forces its competitive dynamics on all economic categories including labor and



wages, the same literature corroborated the turbulent equalization of wages. (Ragab 2014; Mokre and Rehm
2020; Shaikh 2020) In real competition, firms make the decision to reinvest in their facilities, or cross-invest
into different industries, by searching the highest expected profit rate on new capital (“regulating profit
rate”). Industries with a reproducible production technology which offers an above-average profit rate on
new capital will experience accelerated investment, those industries with below-average rates will experience
deceleration.

Profit rates on new capital descent directly from the profit margin, the difference between production cost
and the industrial price for a good. In order to push out competition, the lowest-cost capital in an industry
can decrease prices such that they still make a positive profit, while the closest competitors do not. The con-
sequence of more intense competition is falling prices and subsequently, a lower regulating profit rate. Thus,
as investment accelerates and competition increases, the before-above-average regulating profit rate will fall
below the mean, while the earlier abandoned below-average industry rises again, and becomes an attraction
point for investment again. This process never converges to equal equilibrium, as technological progress and
competitive attacks are ubiquitous. Rather, they induce cycles after cycles of turbulent equalization.

Turbulent equalization rules the most important aspects of economic life, as the logic of capital accumulation
is reproduced in all subsections of the production process. The normal (in Smith: common) relationship
then provide the gravitational center around which profits, prices or wages turbulently equalize.

“Classical theory postulates that competition turbulently equalizes prices for equivalent types of products, wage
rates for equivalent types of labor, and profit rates for equivalent risks. [...] If real wages are higher in some
firms and lower in others, the supply of labor seeking jobs increases in the first set and decreases in the
second. At this level of abstraction, wage rates will be turbulently equalized across firms and hence across
industries.” (Shaikh 2016, 749-50)

Shaikh’s turbulent equalization of wages and profits are modeled at a lower level of abstraction than Smith’s
wage inequalities due to new investment or even Marx’s equalization and dis-equalization. His model grounds
equalizing tendencies in inequalities, which are in turn brought upon by firms’ equalizing behavior.

The real economic analysis approach to profit rate and wage inequalities posits that some extent of inequality
is brought not by an absence of competitive equalization, but by its concrete dynamics. In “Persistent
Inequalities”, Howard Botwinick models mechanical links between profit rate and wage rate equalization in
competition. He furthermore shows how a process of turbulent profit rate and wage equalization brings upon
persistent between-industry inequalities.

“Based on over one hundred years of empirical evidence, a viable theory must be able to explain how sub-
stantial wage differentials among comparable workers can quite obviously persist under highly competitive
conditions.” (Botwinick 1993, 7-8)

Botwinick explains the competitive mechanisms that produce persistent wage inequalities. The first is the
systematic de-skilling of workers through the unemployed reserve army. (Botwinick 1993, 100; Braverman
1974, 179) The expulsion of workers from production is a permanent and repeating feature of capitalist
competition: Defeated firms disappear with corresponding job losses, technological progress within the firm
replaces workers on old contracts and with old tasks. Job loss is here the consequence of a turbulent process.
Unemployed workers would mostly be re-employed at a lower wage and not using all of the productive skill
they attained over time. This increases inequality between workers of the same education and experience,
as some re-enter employment at the bottom of the wage distribution.

Botwinick’s second transmission mechanism are the limits to wage bargaining. Wages are the subject of
active negotiation, with wage increases rather than limits the subject of bargaining. All other things equal,
workers can win higher wage gains when capitalists are able to pay more or willing to pay more. This
can be formalized as (1) positive profits per worker and (2) a positive cost differential of the firm to the
closest competitor per worker.(Botwinick 1993, 184-88) Both limits have one turbulent component as well
as one that is persistently different between industries. Like Smith’s and Marx’ models of wages in capitalist
competition, the combination of turbulently equalizing and persistently different factors in wage-setting
provide economic intuition for a model of simultaneous diffusion, equalization and obstacles to equalization.



The econophysics literature has discussed stochastic models of income growth going back as early as the 19th
century. Pareto (1897) might have been first to observe that (top) income distributions follow a power law,
with Gibrat (1931) providing multiplicative stochastic processes as an explanation. (Adrian Driagulescu and
Yakovenko 2001, 213) Later discussions (Adrian Drigulescu and Yakovenko 2001; Banerjee, Yakovenko, and
Di Matteo 2006; Shaikh, Papanikolaou, and Wiener 2014) find that the exponential distribution provides a
reasonable fit to the lower 95 % - 98 % of the income distribution, which they identify with wage income.
Adrian Dragulescu and Yakovenko (2001) and Banerjee, Yakovenko, and Di Matteo (2006) report that a
Gamma distribution better approximate wage income data, however in a near-exponential parametrization.
3 Gabaix (2009) and Fischer (2018) demonstrate how to use drift-diffusion models to derive persistent wage
inequality, where they combine an equalizing (mean-reverting) drift term with a stochastic diffusion process.

In this paper, we combine the CPE model of firm competition-derived limits to wage increases (Botwinick
1993) and fit an econophysics drift-diffusion models (Shaikh 2020). We do so by combining turbulent flows
of labor with turbulent processes in wage bargaining, combining Botwinick (1993)’s and Shaikh (2020)’s
approaches. The simultaneous and connected turbulent equalization processes of profit rates and wage rates
provide the link in our theoretical model and empirical strategy.

3 Model

Wages are set in bargaining between workers and capitalists. The subject of bargaining is wage increases more
often than wage levels: In ongoing employment, there is a strong and causal relationship between one period’s
pay and the next one. Also, workers who switch workplaces (both in direct poaching or worker-induced career
changes) consider the remuneration differentials, as do employers in their wage offers. When unemployed
workers act as “wage takers”, the literature finds their wage offer decline with length of unemployment (and,
supposedly, their bargaining power). However, their offered wage is an institutional result of bargaining over
wage increases, but also corresponds to pre-unemployment wages. (Christensen 2002)

In our model, we abstract from individual characteristics and even demographic groups, to describe the
fundamental process of shaping the wage curve. This does not not assume away pay differential between
social groups, eg. men and women, or white and racially marginalized workers. Botwinick (1993) proposes
to study gender and racial pay gaps as being positioned along a common wage curve, which is produced
by the dynamics of capital and labor competition. Indeed, Shaikh, Papanikolaou, and Wiener (2014) found
that the shape of the wage distribution is the same within these groups (however with different means).

Thus, we study how the turbulent dynamics of profits, investment and employment shape the wage curve
on a level of abstraction where equalization and individual-level diffusion are explicitly modeled. While we
argue that persistent between-industry and between-occupation pay differentials are crucial in that process,
we do not explicitly model the underlying processes. That dynamic does not depend on the characteristic
of one industry, occupation, the extent of gender discrimination or racial segregation, but on the interlinked
processes of firm and worker competition.

3Banerjee, Yakovenko, and Di Matteo (2006) prefer the exponential form, as it does not have zero density at zero wages.
Adrian Drigulescu and Yakovenko (2001) prefer the exponential over the Gamma distribution for simplicity. In our application,
ie. the wage income of employed workers, zero mass at zero wages is not inappropriate. The restriction to employed workers
and wage income corresponds to our modeling of employer-employee relations as an underlying cause for inequality. While A.
Drigulescu and Yakovenko (2001) model income with an exponential function as the result of a Boltzmann-Gibbs function,
they do not distinguish between wage and non-wage income and consequently explicitly include zero income-observations. Use
of the Gamma distribution to estimate wage income distribution was pioneered as early as in the 19th century by March (1898),
and to US pre-tax income by Salem and Mount (1974). As Kleiber and Kotz (2003) cite, the theoretical Gini coefficients from
a Gamma distribution fall into more realistic boundaries than those of competing functions. While the Gamma distribution is
consistently out-performed by distributions with more parameters, McDonald (1984) find that it provides a much better fit to
income data than other two-parameter distributions.



3.1 Wage bargaining under real capitalist competition

Bargaining results are restricted by behavioral limits, namely workers’ credible threats, capitalists’ willingness
to pay, and finally capitalists’ ability to pay. The last is subject to law-like economic processes which
firm competition between and within industries induce. The maximum wage increase is such that the the
regulating capital’s profit margin per worker remains strictly positive; it can be written as the product of
regulating profit rates r* and the capital-labor ratio K/L: L/LQ = r*%.(BotWinick 2018, 213) Regulating
profit rates differ between industries at any point in time, but participate in turbulent equalization (ie. an
industrial regulating profit rate will be above and below the cross-sectional average in alternating “fat and
lean years, Shaikh (2008)). Capital-labor ratios on the other hand are persistently different depending on
the technologies used in the production process.

Competition within an industry dictates a second limit for regulating capitals (ie., the firms with the highest
reproducible profit rate on new capital) such that total unit cost do not rise above the one of the subdominant
capital (the closest competitor). (Botwinick 2018, 179-95) If we compare two industries with the same cost

differentials per unit labor requirement %, ie. the same intensity of competition, the difference in

limits to wage growth is equivalent to the ratio of total cost-labor cost ratios E:%g’; . (Botwinick 2018, 222)
The limits for regulating capitals deserve special attention, as “these capitals represent the most competitive
conditions that can be reproduced, they essentially act as the practical standard for the industry as a whole”
(Botwinick 2018, 200)

Non-regulating capitals have to follow regulating capitals in goods prices to retain market shares, but also
in wages to prevent labor poaching. They have tighter limits to wage increases, primarily to keep a positive
profit margin per worker, while keeping prices fixed. (Botwinick 2018, 257) While rising wages in regulating
capitals mean that non-regulating firms follow in the same direction, increases in these firms fall short only
to widen inter-industry wage differentials. (Botwinick 2018, 268)

Thereby competition between and within industries sets the limits to wage increases within firms and sectors.
These limits change between years, and each has one turbulent and one persistently differential component.
The competitive limits to wage growth induce a turbulent dynamic in wages and in wage-seeking labor

supply.

3.2 Profit rates and wages participate in turbulent equalization

Both regulating profit rates and cost differentials participate in turbulent equalization (Mokre 2021). This
produces “crossing over” patterns, where industrial incremental rates of return intersect frequently and
gravitate around some common value (Shaikh 2008). Tescari and Vaona (2014) provide an econometric
interpretation in which each industry’s deviations from the cross-sectional mean (eg. 7 = r — ) are zero on
average over time, and have no discernible time trend.

In real competition, higher regulating profit rates attract investment and increase competition. Increased
competition translates into smaller within-industry cost differentials as well as falling regulating profit rates,
ie. lower limits to wage increases. When such an industry consequently realizes below-average profit rates
on new capital, the investment dynamic is reversed, without ever reaching steady state equilibrium. ¢ The
general profit rate on new capital constitutes the center of gravitation for the turbulent process.

Wage increases show a similar turbulent pattern above and below the cross-sectional mean (eg. 1w = w — ).
Furthermore, there is a significant and substantial impact of regulating profit rates on wage increases. (Mokre
and Rehm 2020) Regulating profit rates are attractors to wage increases, profit-rate induced accelerations
of investment are attractors to employment. Labor is mobile in a similar fashion like capital, with increas-
ing wage increases, accelerated inflow of workers, subsequently falling wage increases and deceleration of
employment growth. (Shaikh and Jacobo 2020)

4480 great an accession of new business to be carried on by the old stock must necessarily have diminished the quantity
employed in a great number of particular branches, in which the competition being less, the profits must have been greater”
(Smith 1999, 134-35)



3.3 Hiring and Firing give rise to wage diffusion

Labor market dynamics are expressed on the individual level by firms hiring and firing workers, or changing
employment conditions. These dynamics are defining features of capitalist production, as Smith (1999, 163—
64) notes, the establishment of new and more profitable production conditions fuel both technological change
and product innovation.

Hiring almost always means a wage increase for the affected individual, whether compared to previous
unemployment or a previous job. Firing on the the other hand does not only immediately reduce an individual
worker’s income, more often than not it also means that when re-hired, they earn less than before because
they are not employed (and not paid) at the same skill level of their old job. (Braverman 1974, 179) The
systematic expulsion from employment due to technological change, be unemployment temporary or not,
de-skills the affected workers and reduces their wages. Hirings (due to capital accumulation) and firings
(due to technological change or elimination of firms from competition) occur all the time, and at the same
time. The simultaneous processes give rise to the ubiquitous tendency towards wage diffusion. Bargaining,
ie. changing the conditions of employment is a process of constant diffusion as noted in subsection 3.1.

3.4 Skilled labor forms differential centers of gravity in equalization

Wages participate in turbulent equalization because labor is mobile and workers behave in a wage-seeking
fashion. When higher wage increases are achieved in an industry, more workers will fill offered jobs. Fur-
thermore, if one firm in the industry is paying better than the competition, they will be more successful in
poaching workers from other firms. However, wages equalize for equivalent jobs and “skilled labor” usually
earns higher wages corresponding to the cost of producing and reproducing that skill. Different “costs of
skilling” act as different centers of gravitation in turbulent equalization. (Botwinick 1993, 11; Shaikh and
Glenn 2018, 17) 5

In classical political economics, the between-occupation dimension of wage inequality is modeled as a result
of differential costs to re-skill. (Shaikh and Glenn 2018) Labor is bought by firms in different qualities, some
skill applicable in production constitutes the use value of labor as a commodity, ie. the reason why firms buy
it, the reason why labor as a commodity enters the market. Of course, labor power cannot be treated like any
other commodity in the labor theory of value, as it can emit more value than is needed for its reproduction.
Nevertheless, beginning with Marx, classical political economists pose that the cost of attaining productive
skills enter into its price. ¢

When an industry experiences above-average regulating profit rates, or below-average competitive pressure
on the regulating capital, the ability and willingness of firms to agree to higher wage gains increases. This
accelerates labor supply, from other industries, from less profitable firms in the same industry, as well as
from unemployment. Both regulating profit rates and “competitive space” are turbulent processes, industries
experience alternating “cycles of fat and lean years”. While the increase of labor supply in “fat years” is
induced by the mobility of labor, higher wage limits go back to the dynamics of capital competition and
profit rate equalization. While each industry and firm employs a different mix of occupations (Shaikh 2016,
750), these are not responsible for the turbulent process, which in turn induces the turbulent equalization of
wage rates.

Thus, while different skill levels constitute different centers of gravitation (and the first cornerstone of wage
inequality (Botwinick 1993, 12)), all qualities of labor participate in the same process of equalization. Mokre
(2021) finds that all parts of the wage curve participate in turbulent equalization of wages, and the link
between regulating profit rates and wage increases is present over the whole distribution as well.

5« Classical theory postulates that competition turbulently equalizes prices for equivalent types of products, wage rates for
equivalent types of labor, and profit rates for equivalent risks.” (Shaikh 2016, 749)

6«In order to modify the human organism, so that it may acquire skill and handiness in a given branch of industry, and
become labour-power of a special kind, a special education or training is requisite, and this, on its part, costs an equivalent
in commodities of a greater or less amount. This amount varies according to the more or less complicated character of the
labour-power. The expenses of this education (excessively small in the case of ordinary labour-power), enter pro tanto into the
total value spent in its production.” (Marx 1990, 3:275-76)



Furthermore, the impact of within-industry competition on wage levels increases steeply for higher wages.
In between-industry competition, classical political economics models often take differentials in the average
wage levels to control for differential mixes of qualities of labor. (Shaikh 2016, 868) Not only do different
levels of skill form different centers of gravitation, but the inequality-increasing diffusion effect is also higher
for higher-paying occupations. The empirical model we present in subsection 4.1 explicitly accounts for the
bigger volatility in poaching of higher-paid workers (by scaling the diffusion term with the square root of
the wage level).

3.5 An example of two industries

As an example, think of two industries for basic and luxury goods. Let the luxury goods industry operate
at persistently higher levels of capital intensity and a lower share of labor cost in total cost. Within both
industries, firms realize different profit rates, corresponding to efficiency of their production process (the
output-cost ratio) and prices. The lowest-cost capitalist can set prices just so low that they still realize a
normal profit, while their less efficient competitors are gradually pushed out of the market. However, the
lower prices also cut into the regulating capital’s own profits. Price-setting depends on cost differentials
between regulating and subdominant capital (“competitive space”), thus profit rates on new capital fall
when intensity of competition rises.

After each period, capitalists earn profits and decide to reinvest them in either industry. If profit rates, using
the newest available modes of production, are higher in the luxury industry, more capitalists will invest
there.

We will assume three things about the labor market: First, accelerating investment does not go fully into
replacing existing capitals, but also increasing facilities, and thus induce some employment surge. Second,
there exist industry-specific labor markets which capitalists can access via coaxing from competitors. In
coaxing, attacking firms offer wage gains, and “defenders” try and keep up. Third, there also exists one
common labor market of workers who are not bound to one single industry and can be readily recruited from
unemployment.

Workers in the luxury goods industry now face higher labor demand, at least some of it within the industry,
which creates upward pressure on capitalists’ willingness to increase wages. At the same time, higher regulat-
ing profit rates also increase capitalists’ ability to pay. For the same organizational strength, bargaining will
yield higher wage increases. Increased coaxing puts further upward pressure on wage gains. The opposite is
true in the basic goods industry. This is consistent with the theoretical results in Botwinick (2018) as well
as the findings of Mokre (2021).

As the industries’ profit rates turbulently equalize, periods of above- and below average wage growth will
alternate. However, capital intensity is higher, and the share of labor cost is lower in the luxury goods
industry. For the same regulating profit rates, higher wage gains can be won (as we treat organizational
strength uniform for now). Over time, this manifests in persistent and increasing industrial wage differentials.
Mokre and Rehm (2020) provide empirical support for this hypothesis.

3.6 Turbulence links profits and wages

The gravitational center of profit rate turbulence acts as gravitating force for wage levels (not wage increases)
to some cross-sectional mean. This is a determinate, mean-reverting drift process: Above-average wage levels
go with smaller increases and vice versa. At the same time, turbulent profit rates on new capital pull wage
increases towards persistently different capital-labor and labor cost-total cost ratios as attraction points in
a stochastic diffusion process. It is noteworthy that in Mokre (2021), the impact of regulating profit rates
on wage growth is strongest in extreme positive and negative growth (the lowest and highest deciles in a
conditional quantile regression).

Common labor markets induce their own turbulent processes. Coaxing of skilled basic goods workers into
the luxury industry leaves remaining workers in a better bargaining position with regards to inter-industry
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coaxing once regulating profit rates in the industry recover. At the same time, a larger labor force in the
luxury goods industry can be pit against each other in face of downsizing, when regulating profit rates fall
below the average and investment decelerates. This applies more to workers switching between existing
employments, and less to workers who move through unemployment (and the implied loss of skill and wage
gains), which is again consistent with Mokre (2021)’s finding that the impact of regulating profit rates is
stronger in extreme deciles, ie. high gains and losses.

Workers participate in a turbulent process of employment and wage-setting. Limits to wage increases as well
as labor demand are set on the firm- and industry-level by the competition of capital. The gravitational
centers for the turbulent equalization differ between occupations. Nevertheless, the full extent of the process
is captured by individual wage changes, and best measured on the worker level. We will use an appropriate
drift-diffusion model (see Section 4), and individual wage date from the IPUMS-CPS (Section 5) to estimate
the ensuing dynamics, and derive a corresponding stable distribution of wage levels from it. To capture
the simultaneous dynamics of equalization and diffusion over the years, we normalize wages by their cross-
sectional yearly mean (such that a wage of 1 gives the weighted average wage).

4 Method

The decomposition of the process in one determinate and one stochastic part can be analyzed using stochastic
differential equations. In financial economics this is called drift-diffusion modeling (Fischer 2018), while
physics knows the terms Fokker-Planck and Kolmogorov forward equations. Kolmogoroff (1931) We fit
a Cox-Ingersoll-Ross (Cox, Ingersoll, and Ross 1985) drift-diffusion equation to US wage growth data to
demonstrate the explanatory power of turbulent equalization for wage inequality. The model is sufficiently
simple to provide economic interpretation of the growth process and wage distribution parameters. At the
same time, it has the volatility of diffusion grow with the wage level, which corresponds to the classical
political economics treatment of qualities of labor.

At the same time, there exist many drift-diffusion models with known analytical parameter transformations in
the cross-section distribution, the Vasicek (1977) for example process gives a log-normal, and the Courtadon
(1982) process an inverse Gamma distribution. A geometrical Brownian motion with jumps finally converges
to a double-Pareto distribution of incomes. (Fischer 2018) While a discussion of ther advantages and short-
comings is fascinating (and has a rich history), in this paper we focus on one demonstration of feasibility.

4.1 Cox-Ingersoll-Ross model

Cox, Ingersoll, and Ross (1985) use drift-diffusion modeling for interest rates, as in Equation 1. In their
model, a variable X grows such that it reverts to its mean pu with some speed 6, a tendency of equalization
over time. At the same time, a Wiener process W moves every period following a Gaussian standard normal
distribution, its impact on dX consists of propensity parameter o and increases in v X.

The Cox-Ingersoll-Ross process has an asymptotically stationary cross-sectional Gamma distribution with
parameters o = ui—g and 8 = 3—2. The Gamma distribution is in use to fit income data since the 1920s
(Amoroso 1925), among other reasons because the two parameters o and 8 can be interpreted economically
as skewness and scale in Gibrat’s (1931) proportionate growth, or inequality and scale of wage levels. (Salem
and Mount 1974, 1115) 7 It is also the maximum entropy distribution of a random variable with fixed
expected value and expected logarithmic value &.

It is obvious that a stochastic differential equation represents the first difference of the variable whose cross-
sectional distribution is consequently derived. The first difference of any process reveals its distributional

"There is another least three other popular drift-diffusion models with known analytical parameter transformations in the
cross-section distribution, the Vasicek (1977) process gives a log-normal, and the Courtadon (1982) process an inverse Gamma
distribution. A geometrical Brownian motion with jumps finally converges to a double-Pareto distribution of incomes.(Fischer
2018)

8See Scharfenaker (2022) on the conjecture of drift-diffusion and maximum entropy distributions of profit rates and income.
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properties absent persistent differences (such as an increasing time trend between years or individual effects
between people). It allows for an analysis of the dynamic commonalities, and the distribution of dynamic
effects. At the same time, first differences emphasize random noise with cross-sectional zero mean (white
noise, as in the OLS linear regression model). This makes it necessary to show that, when we transform the
differential process back into levels, the effect is not equivalent to white noise, but reveals further dynamics.

For the CIR model, the mean-reverting equalization process and level-dependency of random diffusion fulfill
that requirement. This is further illustrated by the fact that the CIR model reveals a wage level distribution
close to the observed one without using distributional wage data as inputs.

dX = 0(u — X)dt + oV XdWt (1)
X ~ Gamma(a, B) = Fﬁ(:)Xa_le_BX (2)

Common measures of inequality for the Gamma distribution, such as the Gini and Pietra coefficients or
Theil’s entropy, are available in closed form. (Kleiber and Kotz 2003, 165) The Gini coefficient can be
approximated in terms of DDM parameters (See Equation 3). (Fischer 2018, 11)

1
Gini(X) ~ \/%;

4.2 Economic interpretation of CIR parameters

The Cox-Ingersoll-Ross drift-diffusion model simultaneously captures equalization and diffusion. It explicitly
models normal employment conditions, the speed of equalization (mean reversion), the extent of diffusion
relative to equalization, and scales the extent of diffusion by the wage level as an expression of differential
gravitational centers in one common turbulent process.

Firm competition has investment and thereby labor demand accelerate with higher profit rates, which tur-
bulently equalize. In the same fashion, limits to wage increases rise with regulating profit rates and cost
differentials between regulating and subdominant capitals. This displacement from the mean, and more gen-
erally, from workers’ current position on the wage curve, is captured by the stochastic Wiener process dW;.
The extent of diffusion is captured by ¢ and scaled by v/ X to increase with the wage level. Furthermore,
VX acts as measuring differential centers of gravitation for different skill levels, as a Wiener process with
higher standard deviation is shifted away from the common mean.

As workers follow above-average wages (for “their” level of skill or occupation), and as limits to wage increases
move back across the mean, wage increases move back towards the mean. This is captured by the mean
reversion component p — X and quantified by 6. In order to capture industrial, occupational and individual
participation in the turbulent process, we plug individual wage income X;, normalized by the yearly national
average, and their year-over-year growth AX; = X; — X; 1 in the estimation.

In the economic interpretation of the CIR DDM wage growth model, p acts as the common center of the
equalization process. This is a different interpretation from the statistical “long-run mean”, among other
reasons because “normal conditions of labor”, rather than the arithmetic mean, regulate labor markets.
We have argued that differential cost of re-skilling constitute different gravitational centers corresponding
to different occupations. However, if we re-write the differential centers as deviations from some common
center, then p corresponds to some normal occupation of reference.

0 is often called the mean reversion speed (Fischer 2018, 4), and is a parameter of how fast turbulent
equalization takes place. Equalization is faster when labor conditions are fairly standardized (eg. through
collective bargaining), when labor moves quickly towards more favorable employment or when competing
capitalists keep up with the labor conditions of innovators.
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o is the common standard deviation of the diffusion process, which is then again scaled for the wage level
by \/(X ), to reflect differential compensation between occupations. It describes the strength of diffusion, ie.
relative movement along the wage curve in both directions. We would expect higher values of ¢ in periods
of fast technological change, where new firms try to attract a lot of workers, and in industries with less labor
protection. Keep in mind that o is Gini-increasing (see Equation 3).

4.3 Bayesian estimation

Xep1 =Xy =1 =p)u+(p— 1)Xi + o/ Xi Wy (4)
p ~ exp(—0)

We rewrite the Cox-Ingersoll-Ross model in discrete form (dX = X;y; — X;) and transform it into an
auto-regressive time series estimation, as in Equation 4. Note that the process has convergence only for
0<p<l.

One needs to explicitly model the Wiener process (and scale it by v/X) in order to directly estimate o.
We use a Bayesian framework (Equation 5) to distinguish the Wiener process from regression uncertainty
(the normally distributed error term in a frequentist AR(1) setup). We use individual wages X;, wage
growth dX; 1 = X;11 — X; and lagged wage levels X as inputs. It is equivalent to a state space framework
without a Kalman gain, which we refrain from due to the short length (two consecutive periods per individual
observation). We furthermore normalize z; = X;/ X;.

duje = (1= p)p+(p—D)zip +0\/Tigwi, (5)
dl’t+1 ~ N(duiﬁt, 8)
w ~ N(0,1)

In state space terms, du is the state vector, dx the output vector, (1 — p)u + (rho — 1)z, the state matrix,
s represents the feed-forward matrix and we model an unit output matrix of diagonal one-entries. We
furthermore introduce informative priors, where Qo 5(z;) denotes the median normalized observation. We
transform the CIR parameters into Gamma parameters within the model (without updating from the cross-
sectional distribution however, as to estimate explanatory power from the drift diffusion approach alone),
they have prior distributions too. We chose a Beta prior on p to restrict it to the space [0, 1] (necessary
for a finite process), Cauchy priors for o and s to allow for outliers, and exponential priors for the Gamma
parameters a and (. For the estimation, we rely on a Hamiltonian Monte Carlo No U-turn sampler (HMC
NUTS) in the software package STAN by Team (2020).

p ~ Beta(2,5)

w~ Normal(Qo.5(x),0.5)
o~ Half — Cauchy(0,1)

s ~ Half — Cauchy(0,0.1)
a ~ Exponential(0.015)

B ~ Exponential(0.015)

The model estimates the distribution of wages without using distributional or aggregate wage data as inputs.
Wage levels only enter the estimation equations in discretization and as a scaling factor /7 for the diffusion
process standard deviation. The corresponding cross-sectional distribution comes only from individual year-
over-year worker wage changes, and no curve fitting to observed level inequality. Goodness-of-fit statistics
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of the model therefore reflect how much of wage inequality can be explained by the turbulent dynamics of
wage increases (when compared to some non-informative baseline scenario).

This novel estimation technique is parsimonious but can be easily adapted and extended (as the rich liter-
ature on drift-diffusion models show). The clear divide between wage increase data in the estimation, and
comparison to wage levels after parameter transformation also serve as a proof-of-concept: Modeling the
equalizing and turbulent dynamics of wage increases in a unified setup give a statistical and economic ex-
planation for the stable form of the wage curve. Due to the intuitive economic interpretation of convergence
and diffusion parameters in competition, adaptation to more complex models or industrial idiosyncrasies is
simple.

4.4 Hierarchical modeling

Hierarchical models are an intuitive addition in Bayesian econometrics. They include heterogeneous pa-
rameters between groups, and order those in a hierarchy, eg. regional coefficients ordered by county, state
and nation. This can be implemented by including the higher-order entity into the prior distribution of the
lower-level coefficient, such that p(6;) ~ F(0)Vi. (Gelman et al. 2013, 101)

In our model this allows us to vary mean reversion 6 and diffusion standard deviation o either with the
economic situation (by a time index) or industrial idiosyncrasies (with an industrial index), see Equation 6.
We do not index p because we model a common center of equalization. All combinations of yearly, industrial
or no index j € J gives nine models. The hierarchical hyperprior on the indexed parameters, allows us to
still analytically derive the cross-sectional distribution parameters a and f.

duiy = (1= pr)p~+(ps— Dxis + 05/Tiwiy (6)
dZL'H_l ~ N(duiﬁt, S)
w ~ N(0,1)

pg ~ Normal(p,0.1)
p ~ Beta(2,5)
w~ Normal(Qo.5(x),0.5)
oy ~ Normal(o,0.1)
o ~ Half — Cauchy(0,1)
s ~ Half — Cauchy(0,0.1)
a ~ Exponential(0.015)
B ~ Exponential(0.015)

5 Data

The IPUMS current population survey’s annual social and economic supplement (CPS-ASEC) provides
detailed demographic and employment structural information, as well as monthly wage income, on the
individual level. Due to the structure of the annual socio-economic supplement, we can retrieve wage income
from the same month in two subsequent years, as well as work hours, for each worker. We construct a
worker-level sample spanning from 1998 — 2018 by calculating hourly wages and year-over-year increases of
hourly wages. This is the basis for the individual level drift-diffusion model we estimate in section 4.1.

The observations can be aggregated to the industrial level and combined with industry-structural indicators
such as regulating profit rates, capital-labor ratios and share of labor cost in total cost from BEA industry
accounts (Tables “Components of Value Added by Industry”, Table 6.4D and 6.5D on employment, Table
6.7D on self-employment) for the Vaona (2011) test of turbulent equalization.
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In data selection, we follow the arguments in Shaikh (2008, 191) and Mokre and Rehm (2020, 924). We
do not consider observations from the government or non-profit sectors due to interest in the interaction of
profit-maximizing firms and wages. We furthermore exclude financial, insurance and real estate sectors due
to difficulties in estimating inventory, which is in turn crucial for evaluating the turbulent behavior of profit
rates. As we argue that turbulent equalization of profit rates (Shaikh 2008) and wages (Mokre and Rehm
2020) link the two processes and induce an drift-diffusion process, we further restrict the sample to industries
participating in turbulent equalization in both categories. The three steps reduce the sample to 26 out of 53
NACE 2-digit industries, which however cover 81 % of employees in the original sample. (Mokre 2021, 14)

IPUMS uses top coding for income, ie. income above some fixed threshold value would be either set to
said value (1962 — 1995), later set to a demographic group average (1996 — 2010) and since 2011 swapped
with incomes from a similar observation rank (IPUMS 2020; Mokre 2021, 10). All three distortion measures
decrease observed inequality (Shaikh, Papanikolaou, and Wiener 2014, 55).

6 Results

6.1 Goodness of Fit and Explanatory Power

Soofi’s index of information distinguishability compares two distributions (eg. an observed distribution p and
predicted distribution ¢), as in Equation 8. (Soofi, Ebrahimi, and Habibullah 1995) It represents the share
of observed information not predicted (Wiener 2020) and doubles as a measure of goodness of fit as well as
explanatory power. Soofi’s IID uses the Kullback-Leibler divergence D as in Equation 9, the weighted sum
deviations between prediction and observation in k& € K states. We choose the ratio of individual income to
yearly weighted average income, in percentiles, as discrete states. However, the results are robust to smaller
and larger bins. Note that the KLD never turns negative for proper distributions due to Gibb’s inequality.
(Falk 1970)

IID =1 — ¢~ Prep) (8)

_ oo (P2
Dkr(p,q) = zk:pkl g (qk) 9)

For comparison, we also calculate root mean squared distances between p and ¢ for the same percentile bins,

where RMSD = y/ @),

6.2 Workhorse Model

The workhorse model in 5 estimates a drift diffusion model with posterior mean estimates § = 1.29, u = 0.77
and o = 0.92 (see Table 1).

The R diagnostic of algorithmic convergence lies below 1.01 for all three parameters, (the STAN development
team suggests discarding results with R above 1.05 in the corresponding R documentation®, while Dan
Simpson claims the team usually finds a value above 1.01 alarming '°) . Effective sample size per parameter
far exceeds the rule-of-thumb of five times the number of chains recommended by the STAN development
team. (Gelman et al. 2013, 284ff) We run the usual HMC diagnostics (divergent iterations, saturated tree
depths and E-BMFI) on the fit and find no indications for pathological behavior. The posterior plot of the
main parameters in Figure 1 indicate wide posteriors and fat tails in variance terms o and s, but the posterior
distributions are unimodal, and with little deviation between the mode and mean of the distribution.

9https://mc-stan.org/rstan/reference/Rhat.html accessed on June 10, 2022
Ohttps://statmodeling.stat.columbia.edu/2019/03 /19 /maybe-its-time- to-let- the-old-ways-die-or- we- broke-r- hat-so-now-
we-have-to-fix-it/ accessed on June 10, 2022
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Table 1: Estimates for DDM parameters, workhorse model ("DDM1"). Posterior mean, MCMC standard
error, 10th, 50th and 90th percentiles as well as effective sample size and R convergence statistic.

A

Mean MCMCSE 10% 50% 90 % ESS R

0 1.29 0.02 062 1.18 216 653.80 1.00
i 0.78 0.02 027 073 137 364.14 1.00
o 0.92 0.06 031 071 1.77 258.55 1.01
S 1.66 0.11 054 1.10 299 303.59 1.01

Note:
HMC estimation with RSTAN.

theta mu

sigma s_obs

Figure 1: Posterior density of DDM parameters and regression error.
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The Gamma parameters derived from these point estimates are o = ﬂg—g =237 and 8 = ;—Z = 3.05 where
Z denotes the posterior mean of a parameter . The Soofi IID between a Gamma(2.37,3.05) predicted
distribution and the observed wage curve is 0.1432 for the full distribution, which suggests the drift diffusion
model explains more then 85 % of wage inequality. For the lower 99 % of wages the statistic drops to 0.0827.
The coverage of the bottom 99 % might be the more important goodness-of-fit statistic for two reasons: One
is the topcoding of wage income in the CPS, the second being the presence of Pareto distribution tails in
wages. (Fischer 2018, 13; Courtadon 1982)

The fit is considerably worse for the direct posterior means of &@ and 3 estimated within the algorithm, which
are sensitive to outliers. The hierarchical (hyperprior) setup laid out in Equation 6 solves this problem.
However this means that in the workhorse model we cannot evaluate the full posterior uncertainty over «
and [, but only the underlying uncertainty in 6, 4 and o.

6.3 Hierarchical Model

In the hierarchical model (Equation 6), we have industrial or yearly heterogeneous parameters ; and/or
oy drawn from a prior distribution around a common means 6 and o. This corresponds to either industrial
idiosyncrasies in competition (for example, an industry-specific mean reversion could refer to more rigid
wages due to traditionally strong unions) or the economic situation (eg. lesser labor mobility in a beginning
recession). With regards to the statistical model, hyperpriors explicitly account for systematic outliers.
This also means that statistical uncertainty does not “spill over”, if it occurs mostly in one closed group of
observations, which improves algorithmic performance in Hamiltonian Monte Carlo settings.

There are nine possible combinations of yearly and industrial indexes (including the workhorse model with
neither index). The model have similar goodness of fit statistics, with full-sample Soofi IIDs between 0.143
and 0.167 (see Table 2), and between 0.072 and 0.12 for the bottom 99 wage percentiles (See Table 3).
Appendix Table 4 summarizes the DDM and Gamma distribution parameter estimates for the workhorse as
well as the hierarchical models. We show the three best fits in figure 2. The worst fit model stands at a Soofi
IID of 0.28, ie. 72 % of the variation explained. The ranking remains the same between the full sample and
the bottom 99 %, and as expected, Soofi IID and RMSD give the same ranking of models.

In subsection 4.3 we showed that our Bayesian estimation of drift diffusion processes does not rely on the
cross-sectional distribution of wages at all. It only takes into account wage levels to scale the impact of the
diffusion process on wage growth (as is customary for the Cox, Ingersoll, and Ross (1985) model and consistent
with the empirical findings in Mokre (2021)). Maybe even more importantly, the estimation does not take
into account the macro-distribution of wages as we make no use of aggregate data (eg. percentile histograms,
wage sums, or industrial distribution of wages). Thus, the high explanatory power of both the workhorse
and the hierarchical models illustrate just how important wage growth is for wage level distribution. It lends
support to the hypothesis that wage inequality is largely driven by turbulent equalization in firm and worker
competition.

The workhorse model performs best, while the introduction of time-specific o or industrial # produce almost
the same parameters for the gamma distribution as well as very similar goodness-of-fit statistics. The best-fit
models are the ones with the highest o estimates, ie. the lowest inequality. As mentioned above, in the
hierarchical model, posterior mean estimates & and 3 for the Gamma parameters provide a good fit. The
advantage of the hierarchical model is being able to evaluate the full posterior of the Gamma parameters
and algorithmic stability, rather than improved parameter estimates.

Table 4: Estimates for DDM parameters. Posterior mean, MCMC
standard error, 1ch, 50th and 90th percentiles as well as effective
sample size and R convergence statistic.

=5

Mean MCMCSE 10% 50% 90 % ESS

DDM1 Workhorse Model
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Table 4: Estimates for DDM parameters. Posterior mean, MCMC
standard error, 1ch, 50th and 90th percentiles as well as effective
sample size and R convergence statistic. (continued)

Mean MCMCSE 10% 50 % 90 % ESS R

0 1.29 0.02 0.62 1.18 2.16 653.80 1.00
1 0.78 0.02 027 073 137 364.14 1.00
o 0.92 0.06 031 071 1.77 258.55 1.01
S 1.66 0.11 054 1.10 299 303.59 1.01
@ 2.38
B 3.05

DDM2, Industry-Convergence, GGeneral Diffusion
0 1.01 0.04 055 1.00 1.46 87.45 1.01
1 0.76 0.01 038 078 1.10 527.50 1.00
o 0.89 0.03 030 070 1.64 429.79 1.00
S 1.62 0.10 055 1.09 3.01 326.29 1.00
@ 1.96
B 2.57

DDM3 General Convergence, Industry-Diffusion
0 1.43 0.03 071 130 226 462.73 1.00
I 0.78 0.01 041 078 1.14 545.65 1.00
o 1.14 0.14 0.61 0.95 2.03 19.40 1.03
S 1.94 0.21 061 122 3.34 333.86 1.01
«a 1.72
B 2.21

DDM4 Time-Convergence, General Diffusion
0 0.93 0.06 049 091 146 63.05 1.01
I 0.76 0.01 042 077 1.06 635.14 1.00
o 0.87 0.04 029 0.67 1.62 482.31 1.00
S 1.61 0.12 054 1.04 3.00 263.55 1.00
o 1.88
I} 2.48

DDMS5 General Convergence, Time-Diffusion
0 1.40 0.03 067 129 230 501.01 1.00
I 0.77 0.01 037 074  1.20 560.23 1.00
o 1.04 0.06 060 096 1.57 42.72 1.01
S 1.57 0.10 063 1.13 2.68 299.99 1.01
o 1.99
I3 2.60

DDM6 Industry-Convergence, Industry-Diffusion
0 1.08 0.07 062 1.07 1.60 25.57 1.09
I 0.77 0.01 039 076 1.15 690.75 1.00
o 1.16 0.14 060 1.00 196 18.25 1.01
S 1.72 0.14 064 130 3.12 17593 1.00
« 1.22
I3 1.59

DDMT7 Time-Convergence, Time-Diffusion
0 1.23 0.05 0.74 1.24 1.72 57.23 1.01
1 0.78 0.01 040 078 1.17 845.96 1.00
o 1.06 0.09 055 090 1.81 34.65 1.00
S 1.67 0.11 060 1.21  3.01 292.71 1.00
@ 1.71
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Table 4: Estimates for DDM parameters. Posterior mean, MCMC
standard error, 1ch, 50th and 90th percentiles as well as effective
sample size and R convergence statistic. (continued)

Mean MCMCSE 10% 50% 90%  ESS R

B 220

DDMS8 Industry-Convergence, Time-Diffusion
0 1.04 0.04 054 1.07 150 67.99 1.00
1 0.76 0.02 037 077 1.14 276.77 1.00
o 1.25 0.12 061 1.06 226 2948 1.06
S 1.91 0.16 063 1.36 3.67 164.38 1.00
@ 1.02
B 1.34

DDM9 Time-Convergence, Industry-Diffusion
0 1.05 0.04 063 1.02 151 96.07 1.00
1 0.78 0.02 040 0.79 1.13 305.30 1.00
o 1.14 0.11 0.59 0.95 1.95 29.43 1.03
S 1.89 0.16 061 1.25 3.52 175.93 1.00
@ 1.27
B 1.63

Note:

HMC estimation with RSTAN on 4 chains and 500 iterations after 1000 warmup iterations.

7 Conclusion

The competition of capitals and workers are intimately linked, their dynamics provide the framework in
which wages are set and workers are hired or fired. In processes of turbulent equalization, we observe a
slow, fundamental tendency of equalizing a center of gravitation, as well as systematic turbulence around it.
These simultaneous dynamics of equalization and dis-equalization are the core of classical political economics
models of profitability as well as wage inequality.

In this paper, we discussed Smith (1999)‘s and Marx’ (1990, 1993b, 1993a) theories of wage levels and
wage differences respectively. In contrast to neo-classical theories, in their classical political economics
models the wage level and wage differentials are results of the same process, a constant equalization of
ever-renewed inequalities. This simultaneous equalization and dis-equalization follows the economic logic of
capital accumulations and political struggles in wage bargaining.

We combine Botwinick (1993)’s model of bargaining under real competition with Shaikh (2020)’s model of
turbulent wage dynamics. Botwinick (1993) shows that the limits to wage increases are subject to between-
industry and within-industry competition. They can furthermore be decomposed into turbulently equalizing
(regulating profit rates and within-industry cost differentials) and persistently different factors (capital in-
tensity and share of labor cost in total cost). Shaikh (2020) propose that a drift-diffusion models capture the
simultaneous equalization and dis-equalization of wages between industries. They furthermore note that a
Cox, Ingersoll, and Ross (1985) model of growth rates asymptotically implies a cross-sectional Gamma dis-
tribution of levels. Our model presents a unified theory of turbulent wage inequality under real competition
limits to wage bargaining as well as an estimation strategy based in wage increases.

Finally, e develop a novel Bayesian estimation method for the structural drift-diffusion model. The cross-
sectional distribution of wage levels can be derived from the drift-diffusion parameters through direct pa-
rameter transformation, without using aggregate nor distributional wage data in the estimation procedure.
This is a logical extension of the models in Adrian Driagulescu and Yakovenko (2001), Shaikh, Papanikolaou,
and Wiener (2014) and Shaikh (2020), which fit exponential and Gamma distributions to gross income. The
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Table 2: Soofi IID and RMSD goodness-of-fit comparison of workhorse and hierarchical drift-diffusion models.

Model « 15} Mean R Soofi IID Rank Soofi RMSD Rank RMSD

0, o 2.38  3.05 1.00 0.14 1 0.0020 1
0,00 1.99 2.60 1.00 0.16 2 0.0021 2
07,0 196 2.57 1.00 0.16 3 0.0022 3
Or, 0 1.88 2.48 1.00 0.17 4 0.0022 4
0,0 172 221 1.01 0.17 5 0.0023 5
Op, or 171 2.20 1.00 0.17 6 0.0023 6
Or, o1 1.27 1.63 1.01 0.22 7 0.0026 7
0r, 01 1.22 1.59 1.03 0.24 8  0.0026 8
0r, 00 102 1.34 1.02 0.28 9 0.0028 9
Bottom 99 %
0.9 -
0.94
0.6
20.6-
B
o
a 0.34
0.04
0.3 0 1 2 3 4
0.0
OTO 275 570 775 1(;.0

Normalized Wage

Figure 2: Histogram of normalized wages and best-fit distributions, full sample and bottom 99 pecentiles
(inlay plot)
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Table 3: Soofi IID and RMSD goodness-of-fit comparison of workhorse and hierarchical drift-diffusion models,
for the bottom 99 % of wages

Model « B Mean R Soofi IID Rank Soofi RMSD Rank RMSD

0,0 2.38 3.05 1.00 0.08 1 0.0027 1
0, or 1.99 2.60 1.00 0.11 2 0.0029 2
0r, 0 1.96 2.57 1.00 0.12 3 0.0029 3
Or, o 1.88 2.48 1.00 0.13 4 0.0030 4
0, 01 1.72 221 1.01 0.14 5 0.0031 5
Or, or 171 2.20 1.00 0.14 6 0.0031 6
Or,or 127 1.63 1.01 0.21 7 0.0035 7
0,0 122 1.59 1.03 0.22 8 0.0036 8
Or,or 102 134 1.02 0.27 9 0.0039 9

Gamma distribution we derive from the estimation has a Soofi, Ebrahimi, and Habibullah (1995) index of
information distinguishability (IID) of 0.14 from the empirical distribution, which suggests that the drift
diffusion model explains 86 % of overall wage inequality. By the same measure, over 92 % of the inequality
in the bottom 99 percentiles can be explained.

This paper has two main contributions, in combining the main arguments in the real competition literature
on wage inequality and as an empirical proof-of-concept. Drift diffusion models of wage inequality, and the
link between profit rate and wage dynamcis, are coherent with the classical political economists’ approaches
to the matter. They take up Smith’s (1999, 163) wage differentials between old and new trades as well as
Marx’ (1993a, 651) competition among workers and turbulent dynamics in the establishment of the general
profit rate. These models also relate to the literature of stochastic growth (Gibrat 1931; Adrian Drigulescu
and Yakovenko 2001; Piketty and Saez 2006) and econophysics (Gabaix 2009; Fischer 2018).

As we have shown the theoretical coherence and empirical precision of the procedure, a number of intuitive
extensions are possible (and necessary). Distinction between different qualities of labor, and correspondingly
differential mechanisms of recruitment from unemployment or competing firms can be investigated sepa-
rately. One can also incorporate job differences in a drift-diffusion setting beyond the square-root-of-wages
term in the diffusion process, for example by introducing a Laplacian jump motion for job loss (Hainaut
2017). Furthermore, the model in this paper is a model of wage differentials rather than of wage levels. An-
other natural extension would be an auto-regressive process in the center of gravitation p with the Gamma
parameter of scale 8 as a scaling factor to macroeconomic variables that have an impact on inequality, such
as the level of unemployment. (Watson 2002) Finally, the relationship between social oppression and wage
inequality, eg. gender wage and racial wage gaps can be investigated explicitly within the theoretical and
empirical model. We can model the interaction of women and racially oppressed groups being placed in
below-average paying industries, as well as individual “shifts” along the wage distribution, as outlined in
Shaikh, Papanikolaou, and Wiener (2014).
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